The formation of localized periodic structures in the deformation of elastic shells is well documented and is a familiar first stage in the crushing of a spherical shell such as a ping-pong ball. While spherical shells manifest such periodic structures as polygons, we present a new instability that is observed in the indentation of a highly ellipsoidal shell by a horizontal plate. Above a critical indentation depth, the plate loses contact with the shell in a series of well-defined "blisters" along the long axis of the ellipsoid. We characterize the onset of this instability and explain it using scaling arguments, numerical simulations, and experiments. We also characterize the properties of the blistering pattern by showing how the number of blisters and their size depend on both the geometrical properties of the shell and the indentation but not on the shell's elastic modulus. This blistering instability may be used to determine the thickness of highly ellipsoidal shells simply by squashing them between two plates. As every ping-pong player knows, spherical elastic shells suffer an unusual mode of instability when hit too hard: a series of vertices appears, connected by linear ridges forming an inverted polygon [see Fig. 1(a) ]. These polygonal deformations are an example of the localization of the stress state that occurs in more controlled experimental settings such as the indentation of a shell by a plate [2] , at a point [3, 4] , or with indentors of size comparable to the radius of the shell [5] . This localization of stress is important not only because of its visual appearance but also because the focusing of stresses is more likely to lead to irreversible, plastic deformations-again a feature familiar to ping-pong players. The ubiquity of thin elastic shells also leads to a wide range of applications in which this asymmetric buckling can be important, from the folding of pollen grains [6] to the buckling of drying colloidal droplets [7] or osmotically shrinking polymeric capsules [8] .
As every ping-pong player knows, spherical elastic shells suffer an unusual mode of instability when hit too hard: a series of vertices appears, connected by linear ridges forming an inverted polygon [see Fig. 1(a) ]. These polygonal deformations are an example of the localization of the stress state that occurs in more controlled experimental settings such as the indentation of a shell by a plate [2] , at a point [3, 4] , or with indentors of size comparable to the radius of the shell [5] . This localization of stress is important not only because of its visual appearance but also because the focusing of stresses is more likely to lead to irreversible, plastic deformations-again a feature familiar to ping-pong players. The ubiquity of thin elastic shells also leads to a wide range of applications in which this asymmetric buckling can be important, from the folding of pollen grains [6] to the buckling of drying colloidal droplets [7] or osmotically shrinking polymeric capsules [8] .
Previously, much interest has focused on the indentation of spherical shells [9] . In this setting, the determination of the force-displacement relationship is important because of its application to atomic force microscopy (AFM) measurements of viruses [10] as well as yeast and other cells [11] [12] [13] . Recently, this work has been extended to the indentation of ellipsoidal shells from both theoretical [14] and experimental points of view [15] . However, all of these studies implicitly assume that the deformation of the shell retains the symmetry of the undeformed shell. In fact, it has long been known that at a critical indentation depth (proportional to the thickness of the shell, t, [16, 17] ), an asymmetric deformation profile with a well-defined wave number appears [18, 19] . As indentation continues past this critical depth, the number of vertices of the polygonal pattern that is observed changes [1, 4, 16] .
In this Letter, we report a new type of localized deformation that occurs during the indentation of highly ellipsoidal shells by a flat plate. For sufficiently small compressions, the deformed region of the shell remains in contact with the plate and retains an elliptical shape, reflecting the symmetry of the undeformed shell. However, at a critical indentation depth, contact is lost within an approximately rectangular regiona blister appears, Fig. 1(c) . As indentation continues beyond this point, new portions lose contact with the plate along the length of the original contact region. The regular array of rectangular blisters thus formed are reminiscent of those formed by the uniaxial compression of a stiff, thin beam adhered to a soft substrate [20] . However, we emphasize that in this system there is no adhesive interaction between the ellipsoid and plate. Here, we study this anisotropic blistering instability and show that blistering is energetically favorable in comparison to both the planar state and the single elliptical delamination region that might be expected based on earlier experiments with a spherical shell [2] .
We use a combination of computer simulations, experiments, and scaling analyses to understand the onset of directional delamination in ellipsoidal shells of revolution with axes a, b, and c ¼ b and thickness t [see Fig. 1(b) ]. Our computer simulations were performed using the commercial finite element package ABAQUS (Simulia, Providence, RI). The results presented here were obtained with a Poisson ratio ν ¼ 0.3; further simulations with other values of ν show that quantitatively similar results are obtained with other values of ν [21] . As in the experiments described later, the half shell z ≥ 0 was simulated with clamped boundary conditions applied at z ¼ b. Our simulations used conventional thin shell elements with three nodes and quadratic interpolation; a mesh sensitivity study was performed to ensure that the results were minimally sensitive to the element size (see the Supplemental Material [21] ).
Experimentally, ellipsoidal shells were fabricated using a coating technique described in detail elsewhere [5] . In short, solid polyurethane molds were first fabricated using a 3D printer. A liquid silicon based elastomer, vinylpolysiloxane (VPS), was then used to wet the entire surface of the mold and the mold placed upside down to drain out excessive polymer during curing. Half shells were formed in this way for aspect ratios a=b ¼ 0.3, 1, 3, 5; the Poisson ratio of VPS is ν ≈ 0.497. The shells have an approximately uniform thickness of t ¼ 0.32 AE 0.05 mm (i.e., a 15% variation) which is determined by the polymer viscosity and curing time as well as the surface tension between VPS and polyurethane [5] . The ellipsoidal shells were indented by a flat plate moving at a constant speed of 10 mm= min controlled by an Instron machine. Images of the deformed shape of the shells were captured during the course of the indentation using a digital camera placed beneath the samples or from a side angle. The size of the blisters was measured from these digital images.
Qualitative comparison between the deformation patterns observed in computer simulations and experiments seems promising at first [see Fig. 1(c) ]. In particular, both show the onset of directional delamination at an indentation of Z 0 ≈ 8 with similar numbers of blisters formed as indentation progresses. To understand the onset of the anisotropic blistering instability quantitatively, we use scaling arguments. Consider a prolate ellipsoid of revolution, with long and short axes of lengths 2a and 2b, respectively. The radii of curvature in the region of indentation are R x ¼ a 2 =b and R y ¼ b in the long and short directions, respectively. We shall implicitly assume that the ellipsoid is very long, i.e., that a=b ≫ 1 and, hence, that R x ⋙R y . (The corresponding analysis for the case a ≪ b follows through upon replacing R x ↔R y .)
When the ellipsoid is flattened by a vertical displacement Z, simple geometry dictates that the region affected is roughly elliptical, with a long axis ∼ðZR x Þ 1=2 and short axis ∼ðZR y Þ 1=2 . The area of this deformed ellipse is then S ∼ ZðR x R y Þ 1=2 . In principle, strain can occur in both the x and y directions and will be proportional to the principal curvature in each direction. However, since the ellipsoid is much more curved in the y direction, any residual strain in this direction will be much larger than that in the x direction. The elastic energy is most readily minimized by releasing the strain in the y direction and so the ellipsoid will deform in such a way that only strain in the x direction will remain, i.e., ϵ ¼ Z=R x . For a shell of thickness t and Young's modulus E, the energy density of the flattened configuration E s due to compression is then given in scaling terms by
If buckling occurs, the strain in the x direction, ϵ, would be released from those portions of the shell still in contact with the indenting plate. We assume that the regions of nonconformal contact, i.e., blisters, have a typical amplitude A and wavelength l. The strain within each blister would then scale according to ϵ ∼ ðA=lÞ 2 and so A ∼ lϵ 1=2 . By analogy, with the buckling of a thin strip constrained to have zero displacement at its edges [22] , we would also 
To determine when blistering occurs, we compare the bending energy of the blistered state to the energy due to in-plane compression given in Eq. (1). We find that the energy density associated with blistering is
The critical displacement, Z c , at which the blistering instability should be expected is then found by balancing the energy densities in Eqs. (1) and (2) to give Z c ∼ tðR x =R y Þ 1=2 ∼ ta=b. Introducing the normalized displacement Z 0 ¼ Z=t, we find that the critical displacement may be written
This result is in good agreement with the results of our ABAQUS simulations, as shown in Fig. 2 . Using Eq. (3) in combination with our earlier results, we find that the typical size of the blisters is
independently of b. This result is in good agreement with both numerical simulations and experiments, as shown in Fig. 3(a) . Determining the prefactor numerically, we find that l ≈ 4.499ðatÞ 1=2 . To understand the appearance of further blisters, we note that the strain caused by compression depends on the local indentation. Along the x axis, we find that ϵ ∼ ðZ − x 2 = 2R x Þ=R x . To make further progress, we assume that the position of the nth blister will be x n ∼ ðn − 1Þl (since the first blister is assumed to be at x ¼ 0) and that its width For 0.5 < a=b ≲ 2, mirror buckling is followed by the formation of localized defects [the "ping pong ball instability", Fig. 1(a) ] while for a=b ≳ 2, anisotropic blistering occurs [as shown in Fig. 1(c) ]. Points show the boundary between these behaviors determined from simulations for various shell thicknesses (as described in the legend); the dashed line shows a fit for the scaling law Eq. (3), which is valid in the limit of a=b ≫ 1. l ∼ ðatÞ 1=2 , as for the first blister [23] . Balancing the stretching or compression and bending energy densities, we find that the number of blisters n and the indentation depth at which the nth blister first appears, Z 0 n , are related by
This scaling is consistent with the experimental and numerical results shown in Fig. 3(b) . We also consider the load P required to impose a given displacement. For sufficiently small indentation depths, the zone of contact between the plate and the shell is sufficiently small that the problem is analogous to the case of the point indentation of an ellipsoidal shell, which has been studied previously [14, 15] . Based on our previous theoretical analysis [14] , we expect the force to increase linearly with displacement; in particular, we expect the force and displacement to be related by
with ν the Poisson ratio. This result is borne out (prior to the onset of anisotropic blistering) by the numerical and experimental results shown in Fig. 4 . A key feature of this data is that at the point of blistering, the force decreases dramatically, as has also been observed in the formation of localized dimples [4] . The force then increases rapidly, although a logarithmic plot reveals that the force law is not necessarily quadratic as first appears. Finally, we note that the precise force-displacement relationship that is observed depends sensitively on the thickness of the shell, though the indentation depth at which the force drop associated with blistering is observed is a robust feature of the instability.
In conclusion, we have explored a novel instability of ellipsoidal shells deformed by contact with a horizontal plate: a series of rectangular blisters form aligned with the long axis of the ellipsoid. We found that the number of blisters formed grows with increasing indentation although the width of each blister remains approximately constant during indentation [see Fig. 1(c) ]. This ability to form a variable number of blisters by controlling the indentation depth has potential application in a range of fields. For example, the blisters could be used as fluid channels in a microelectromechanical system giving a fluid carrying capacity that depends on the indentation in much the same way as the deformation of a single blister has been used to control such flows recently [24] . We also showed that the onset and form of the anisotropic blistering instability is sensitive to the shell thickness. Conventional AFM techniques [10, 14] to measure the stiffness of an ellipsoidal object in indentation yield the combination Et 2 =a. While the lateral dimension a is easy to measure directly, the combination Et 2 is difficult to disentangle into its constituents E and t and is sensitive to heterogeneity in the thickness, as shown in the large error bars shown in Fig. 4 . However, even in the absence of any force measurements, measuring the characteristic size of any blisters that form, l, and using the scaling law Eq. (4) would yield an estimate for the thickness of the shell, t. If force and/or indentation depth measurements are available then a more accurate estimate of thickness t may be determined by measuring the indentation depth Z c at which delamination first occurs, since this corresponds to a sudden dip in the applied force (see Fig. 4) ; from Fig. 2 and Eq. (3), we see that t ≈ Z c b=ð1.78aÞ. Such a method could prove useful for measurements of long thin cells that might be modeled as ellipsoids with aspect ratio a=b ≳ 2 (and, hence, be subject to the anisotropic blistering instability described here); this includes elongated epidermal cells as in the shoot or the root of plants [25] as well as fission yeast [26, 27] .
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